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a b s t r a c t
In this paper, He’s Frequency–Amplitude Formulation (HFAF) and He’s Energy Balance
Method (HEBM) are employed to solve the generalized Duffing equation in the form of
x¨+ x+ α3x3 + α5x5 + α7x7 + · · · + αnxn = 0.
For any arbitrary power of n, a frequency analysis is carried out and the relationship
between the natural frequency and the initial amplitude is obtained in analytical form.
Accuracy and validity of the proposed techniques are then verified by comparing the
numerical results obtained based on the HFAF, HEBM and exact integration method.
Numerical simulations are extended for even very strong nonlinearities and very good
correlations are achieved between the numerical results.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The study of nonlinear Duffing oscillators has received considerable attention in recent years due to a variety of
engineering applications. Several approaches have been proposed so far dealing with the nonlinear Duffing oscillator. He’s
frequency–amplitude formulation [1–7], iteration perturbation method [8,9], homotopy perturbation method [9–14], He’s
energy balance method [15,16], He’s parameter-expanding method [17–19] and He’s max–min approach [20] are some
examples. Other types of solution techniques and stability analysis of the generalized Duffing equation have been studied
in [21–24]. Each technique has its own application and performance. The frequency–amplitude formulation [25] and the
energy balance method [26] proposed by Professor He have been proved to be simple and effective methods for solving a
variety of nonlinear vibration problems. Energy balancemethod is a heuristic approach employable for analysis of nonlinear
oscillators proposed in 2002 [26,27]. As a variational approach in HEBM, a variational principle for the nonlinear oscillation
is derived and consequently a Hamiltonian can be constructed, from which the natural frequency is readily obtained by
collocation method. He [26,27] showed that the results obtained by HEBM are valid even for strongly nonlinear systems.
Surveying the literature shows that many nonlinear case studies have been studied so far by these two methods. The
generalized Duffing equation representing a variety of nonlinear oscillation problems is solved using HFAF and HEBM for
the first time in this paper. All odd-type forcing functions can be then involved in the general solution. Natural frequency of
the system is obtained as a function of the initial amplitude and the general solution is obtained for any arbitrary power of n.
Accuracy and validity of the proposed techniques are then examined by comparing the results obtained based on the HFAF,
HEBM and exact integrationmethod. Very good correlations between the three methods are achieved. It is proved that both
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the HFAF and HEBM are remarkably effective and applicable in solving the generalized Duffing equation even with strong
nonlinearities.
2. Solution procedure
2.1. He’s frequency–amplitude formulation
In this section, we consider the following nonlinear Duffing oscillator:
x¨+ x+ α3x3 + α5x5 + α7x7 + · · · + αnxn = 0 (1)
u1(t) = A cos t and u2(t) = A cosωt serve as the trial functions.
According to the standard procedure of the HFAF, one can assume for the frequency–amplitude formulation [28]:
ω2 = ω
2
1R˜2 − ω22R˜1
R˜2 − R˜1
. (2)
Substituting the trial functions into (1) results in the following residuals:
R1(t1) = α3A3 cos3 t + α5A5 cos5 t + · · · + αnAn cosn t (3)
R2(t2) = A cosωt(1− ω2)+ α3A3 cos3 ωt + α5A5 cos5 ωt + · · · + αnAn cosn ωt. (4)
According to the HFAF, the above residuals can be rewritten in the forms of weighted residuals. A simple calculation yields:
R˜1 = 4T1
∫ T1/4
0
R1 cos tdt (5)
R˜2 = 4T2
∫ T2/4
0
R2 cosωtdt. (6)
Using the following formula for integration:∫ pi
2
0
cos2m(t) = 1× 3× 5× · · · × (2m− 1)
2× 4× 6× · · · × (2m) ×
pi
2
. (7)
One can arrive to
R˜1 = 38α3A
3 + 5
16
α5A5 + · · · + 1× 3× 5× · · · × n2× 4× 6× · · · × n+ 1αnA
n (n = 2k+ 1, k = 1, 2, 3, . . .) (8)
R˜2 = A2 (1− ω
2)+ 3
8
α3A3 + 516α5A
5 + · · · + 1× 3× 5× · · · × n
2× 4× 6× · · · × n+ 1αnA
n. (9)
Finally substituting Eqs. (8) and (9) into Eq. (2) yields to:
ω =
√√√√√1+ 2 n∑
n=2k+1
k=1,2,3,...,m
3× 5× 7× · · · × n
2× 4× 6× · · · × n+ 1αnA
n−1. (10)
2.2. Energy balance method
In this section, we again consider the nonlinear Duffing oscillator equation (1). Its variational principle can be obtained
as:
J(x) =
∫ t
0
(
−1
2
x˙2 + x
2
2
+ α3x
4
4
+ α5x
6
6
+ α7x
8
8
+ · · · + αnx
n+1
n+ 1
)
dt. (11)
The Hamiltonian of Eq. (1), can be obtained in the form
H = x˙
2
2
+ x
2
2
+ α3x
4
4
+ α5x
6
6
+ α7x
8
8
+ · · · + αnx
n+1
n+ 1 =
A2
2
+ α3A
4
4
+ α5A
6
6
+ α7A
8
8
+ · · · + αnA
n+1
n+ 1 (12)
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Fig. 1. Comparison of the HFAM and HEBM solution with the exact solution for A = 1, α3 = 1, α5 = 1.
in which A is the initial amplitude. Using the trail function of u2(t) the following residual can be obtained.
R(t) = 1
2
A2ω2 sin2 ωt + 1
2
A2 cos2 ωt + 1
4
α3A4 cos4 ωt + 16α5A
6 cos6 ωt + 1
8
α7A8 cos8 ωt + · · ·
+ 1
n+ 1αnA
n+1 cosn+1 ωt −
(
A2
2
+ α3A
4
4
+ α5A
6
6
+ α7A
8
8
+ · · · + αnA
n+1
n+ 1
)
= 0. (13)
Solving the above equation leads to:
ω = 1
sinωt
√√√√√12 + 2
n∑
n=2k+1
k=1,2,3,...,m
αnAn−1
n+ 1 (1− cos
n+1 ωt) when ωt → pi
4
. (14)
3. Numerical examples
In this section, we present and discuss the numerical results obtained by employing three methods of HFAF, HEBM and
exact integration method.
3.1. Example for n = 5
The nonlinear Duffing oscillator has the following form in this case:
x¨+ x+ α3x3 + α5x5 = 0. (15)
The problem is solved and the general solution can be obtained based on the HFAF solution i.e. Eq. (10):
ω =
√
1+ 3
4
α3A2 + 58α5A
4. (16)
The solution can be also obtained by use of HEBM generally presented by Eq. (14):
ω =
√
1+ 3
4
α3A2 + 712α5A
4. (17)
Obtained numerical results are illustrated in Figs. 1–3. In order to employ non-dimensional time parameter, character h is
defined by h = t/Tex in which Tex is the exact period. As it is illustrated, the accuracy of the solution is valid for a range of
vibration amplitudes. Figs. 2 and 3 show that both the solution techniques are applicable even for strong nonlinearities.
In order to have a comparison between the approximate and exact frequency expressions for small as well as large values
of the oscillation amplitude, the relative error is analytically obtained for both HFAF and HEBM in this section.
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Fig. 2. Comparison of the HFAM and HEBM solution with the exact solution for A = 0.5, α3 = 10, α5 = 10.
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Fig. 3. Comparison of the HFAM and HEBM solution with the exact solution for A = 0.1, α3 = 100, α5 = 100.
The ratio between the approximate and exact values of the frequency in HFAF is given by
ωapp
ωex
=
√
1+ 34α3A2 + 58α5A4
2pi
(
4
∫ pi/2
0
dθ√
1+ 12 (1+sin2 θ)α3A2+ 13 (1+sin2 θ+sin4 θ)α5A4
)−1 . (18)
In which, ωapp and ωex denote the approximate and exact frequencies respectively. Consequently this frequency ratio for
the large and small values of the oscillation amplitude can be respectively calculated as
lim
A→∞
ωapp
ωex
= 1.05856 (19)
lim
A→∞
ωapp
ωex
= 1.0 (20)
and similarly for the HEBM the frequency ratio is given by
ωapp
ωex
=
√
1+ 34α3A2 + 712α5A4
2pi
(
4
∫ pi/2
0
dθ√
1+ 12 (1+sin2 θ)α3A2+ 13 (1+sin2 θ+sin4 θ)α5A4
)−1 . (21)
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Fig. 4. Comparison of the HFAM and HEBM solution with the exact solution for A = 1, α3 = 1, α5 = 1, α7 = 1.
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Fig. 5. Comparison of the HFAM and HEBM solution with the exact solution for A = 0.5, α3 = 10, α5 = 10, α7 = 10.
For the large and small values of the oscillation amplitude one can respectively reach to
lim
A→∞
ωapp
ωex
= 1.02267 (22)
lim
A→∞
ωapp
ωex
= 1.0. (23)
Variation of the relative error versus the oscillation amplitude is illustrated in Fig. 7. As it is seen, the relative error is
remarkably smaller for the HEBM.
3.2. Example for n = 7
In this section, we consider the following nonlinear Duffing oscillator:
x¨+ x+ α3x3 + α5x5 + α7x7 = 0. (24)
The general solution can be obtained using HFAF solution given by Eq. (10):
ω =
√
1+ 3
4
α3A2 + 58α5A
4 + 35
64
α7A6. (25)
Using the HEBM and the general solution presented by Eq. (14) one can arrive to:
ω =
√
1+ 3
4
α3A2 + 712α5A
4 + 15
32
α7A6. (26)
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Fig. 6. Comparison of the HFAM and HEBM solution with the exact solution for A = 0.1, α3 = 100, α5 = 100, α7 = 100.
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Fig. 7. Relative error (%) for approximate frequency obtained in this paper (HFAF & HEBM) for n = 5 & n = 7.
The numerical results obtained by three different methods are illustrated in Figs. 4–6. Numerical results validate again
accuracy of both the solution techniques. As it is shown in Figs. 5 and 6, validity of both the solution techniques is guaranteed
for stronger nonlinearities.
In order to analyze the asymptotic behavior of the approximate frequencies in comparison with the exact ones, the
relative error is again obtained for small and large values of the oscillation amplitude for both HFAF and HEBM. Similarly for
the HFAF, the frequency ratio is given by
ωapp
ωex
=
√
1+ 34α3A2 + 58α5A4 + 3564α7A6
2pi
(
4
∫ pi/2
0
dθ√
1+ 12 (1+sin2 θ)α3A2+ 13 (1+sin2 θ+sin4 θ)α5A4+ 14 (1+sin2 θ+sin4 θ+sin6 θ)α7A6
)−1 . (27)
Correspondingly the frequency ratio is obtained as
lim
A→∞
ωapp
ωex
= 1.0956. (28)
For the large amplitudes and
lim
A→∞
ωapp
ωex
= 1 (29)
for small values of oscillation amplitudes. The same procedure can be adopted for the HEBM for which, the frequency ratio
is given by
ωapp
ωex
=
√
1+ 34α3A2 + 712α5A4 + 1532α7A6
2pi
(
4
∫ pi/2
0
dθ√
1+ 12 (1+sin2 θ)α3A2+ 13 (1+sin2 θ+sin4 θ)α5A4+ 14 (1+sin2 θ+sin4 θ+sin6 θ)α7A6
)−1 . (30)
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Consequently for the large and small amplitudes, these limits are respectively calculated as
lim
A→∞
ωapp
ωex
= 1.014 (31)
lim
A→∞
ωapp
ωex
= 1.0. (32)
Trend of the relative error is illustrated in Fig. 7 for a range of oscillation amplitudes. Again in this case it is found that, the
relative error is considerably smaller for the HEBM.
4. Conclusion
For the first time in this paper, the frequency–amplitude relationship was analytically obtained for the generalized
Duffing equation using He’s frequency–amplitude formulation (HFAF) and He’s energy balancemethod (HEBM). The general
solution was obtained for any arbitrary type of nonlinearity. Accuracy of the two techniques was numerically verified
comparing the results obtained by exact integration. Correlation of the numerical results showed that both HFAF and HEBM
are quite reliablemethods even in strongly nonlinear systems. An error analysiswas carried out and itwas found that relative
error in HEBM is remarkably smaller than HFAF.
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